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Question 1 [10 marks] 
Let V and W be vector spaces over the field F. 
Let {e1, e2,e3,e4} be a basis for V and {f, fo, f3} a basis for W. 


Let the matrix of the linear transformation JT’: V + W with respect to the given bases be 


3 1 13 -4 
2 6) VT of 
1 i117 4 


Find a basis for im(T’), the image of T, and a basis for ker(T’), the kernel of T. 


Question 2 [10 marks] 


Find all linear transformations, 


T:R? 3 R’, (2,y,z) 9 (u,v) 


which map the plane determined by the equation x — y — 2z = 0 onto the line determined 
by the equation u — v = 0. 


Question 3 [15 marks] 


2% 5 | fina 


Given the real symmetric matrix A = - 


(a) its eigenvalues; 
(b) bases for its eigenspaces; 
(c) an orthogonal matrix, P, which diagonalises it; 


(d) PAP. 


Question 4 [12 marks] 
Show that the function 


x U 
yp: R (2) —> Ria), | >. | 


is a linear transformation if and only if there are real numbers a, b,c and d, such that 


u = ax+by 
cx + dy 


(Question 5 is on page 3.) 
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Question 5 [8 marks] 
The matrix A is symmetric if A‘ = A, where A‘ denotes the transpose of A. 


Show that the symmetric n x n matrices form a vector subspace of the real vector space 
of all n x n matrices with real coefficients and determine its dimension. 


Question 6 [10 marks] 
Let {e), €2,e3} be a basis for the complex vector space V. 
(a) Show that if f, :-= e2, fo := eg +e3, f3 := e; + eo, then {f;, fo, £3} is also a basis for V. 


(b) Let the matrix of the linear transformation T : V — V with respect to {e1, e2,e3} be 
Tbe COs <1 
A= j|0 1 0 
1 0 0 
Find the matrix, B, with respect to {f,, fo, f;}. 


Question 7 [10 marks] 
Find all complex 2 x 2 matrices, A, with A? = 2A. 


Question 8 [25 marks] 


Let Pz be the real vector space of all polynomials in ¢ with real coefficients, whose degree 
is at most 2, so that 


P, = {at? + bt+c|a,b,cEeR} 


(a) Prove that 
(p,q) = p(—1)a(-1) + p(O)q(0) + pal) (pg € Pa) 
defines an inner product on P32. 


(b) Apply the Gram-Schmidt procedure with respect to this inner product to construct 
an orthonormal basis for the subspace generated by 


viiettt, vo:=t?4+1 and v3:=t4+1 
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